Abstract. In any C 1 s domain, there is nonzero harmonic function C 1 continuous up to the boundary such that the function and its gradient on the boundary vanish on a set of positive measure.
Introduction.
In this note, we will extend Bourgain The idea for the proof of this theorem follows from the argument in 2]. We also need to use Aleksandrov-Kargaev function (see 1]) as our basic constructing factor. Since there is no reason to apply directly Alexandrov's result to the arbitrary domain, we have to work on the \almost at" domain rst and then get our nal result by K e l v i n transformation. 
Proof. When is a bounded domain, the result is known (see 4], 6]) but we do not nd a good reference for the proof. When is unbounded, it is not true in general. So we would like to give a proof for such special case and one will see the proof still works for bounded domains with a tiny correction.
Claim. Let X 2 @ and R > 0. If u is a harmonic function in \ B(X R), juj 1 on \ @B(X R) and u = 0 on @ \ B(X R), then jru(Z)j C=Rfor all Z 2 \ B(X R=2). Proof. The rst result is a well known fact when is either a bounded domain or the upper half space. Here we w ould like to give a short proof without using layer potential theory. Since u(Y ) has compact support on @ , for X 2 ,
If X 2 @ with jXj 2, then by (1) we have 
Notice that u 2 is a bounded harmonic function whose boundary value is 1 on @ \ B(0 4). So apply the claim in Lemma 1 to the function u(X) ; u 2 ( ), we have jru 2 (Z)j C kuk 1 for Z 2 \ B(0 2) so that
Finally consider the harmonic function u 3 (Z); h r T u(X) Z ;Xi which is bounded in \ B( 0 4 
if p > 0 is small but independent of ", M, a . Here b = aM in (5) and (6), and is an absolute small positive number.
Proof. (4) follows directly from the calculation. After a change of variable, the left hand side of (5) Since p < 1, by H older inequality,
Notice that ' is a Lipschitz graph with uniform bound. Theorem :
Now apply (6) to the rst term in the left hand side of (13) and combine (13), (14), and (15). The left hand side of (13) . Let f n g 1 1 be a sequence of small numbers such that ;1 n 2 Z which are chosen by induction later. Let fK n g and f" n g be two sequences of numbers which are decided later with K n % +1 and " & 0. a will be a large universal numberalso decided later. where we used (21) and (17) in the rst inequality.
The following lemma says our process in construction of u n is pos- We w ould like t o p o i n t out the idea. Divide the sum into two parts: 2. It is not hard to see that for every " there exists a harmonic function which is C 1 up to the boundary and such that j@Dn f X 2 @D: u(X) 6 = 0 or ru(X) 6 = 0 gj " : 3. We do not know if the theorem is true or not for Lipschitz domains. In fact, our method does not work even for C 1 domains (and even if we do not need the restriction u = 0). 4 . We m a y also prove L e m m a 4 b y using the potential layer theory as in 2]. But again this method does not work even for C 1 domains.
